We consider quantum quenches in the integrable SU (3)-invariant spin chain (Lai-Sutherland model) which admits a Bethe ansatz description in terms of two different quasiparticle species, providing a prototypical example of a model solvable by nested Bethe ansatz. We identify infinite families of integrable initial states for which analytic results can be obtained. We show that they include special families of two-site product states which can be related to integrable "soliton non-preserving" boundary conditions in an appropriate rotated channel. We present a complete analytical result for the quasiparticle rapidity distribution functions corresponding to the stationary state reached at large times after the quench from the integrable initial states. Our results are obtained within a recently developed Quantum Transfer Matrix approach, which does not rely on the knowledge of the quasilocal conservation laws or of the overlaps between the initial states and the eigenstates of the Hamiltonian. As a direct physical application, we provide predictions for the propagation of entanglement after the quench from such integrable states.
view, as they present different quasiparticle species, and peculiar features are expected to arise as a result of the interplay between the corresponding bound states. Clearly interesting examples from the experimental point of view are multi-component Fermi and Bose ultra-cold gases [52] [53] [54] , which provide a largely unexplored arena for realizing interesting non-equilibrium states of matter.
The prototypical example of a nested system is the SU (3)-invariant Lai-Sutherland spin chain [55, 56] . Even in this simplest case, outstanding challenges arise for the study of the quench dynamics: to give an idea of the seriousness of the present limitations, it is worth to stress that until very recently analytical results were restricted to the study of a single initial state [25] . Indeed, an explicit formula for the overlaps between the eigenstates of the Hamiltonian and a particular matrix product state [57] was conjectured in [37] , in the different context of the AdS/CFT correspondence (later, this result was extended in [41] for an infinite discrete family of matrix product states with increasing bond dimension). In turn, this straightforwardly made it possible to apply the QAM in [25] , and to analyze the corresponding quench problem. While Ref. [25] showed that the QAM can be applied to nested systems with no additional difficulty once the overlaps are known, it was still limited to one single state, so that the space of post-quench steady states remained unexplored.
Paralleling these developments, a third approach to the quench dynamics was introduced in [58] (see also the previous work [59] ) based on the Quantum Transfer Matrix (QTM) formalism [60, 61] . Within this approach, it was possible to define in [62] a class of integrable initial states for quench problems, for which analytic results could be obtained. The importance of the definition given in [62] , inspired by well-known field theoretical constructions [63] (see also [64, 65] ), lies mainly in the possibility of applying to these states a series of analytic tools to obtain straightforwardly several physical quantities, such as the Loschmidt echo [66] . More importantly, it was shown in [58] that the QTM approach could be used to analytically extract, with a little effort, the rapidity distribution functions associated to the GGE. Furthermore, for those states for which the QAM and the string-charge duality could be applied, it was shown that the three approaches provide the same result.
In this work we apply the QTM approach to the prototypical SU (3)-invariant spin chain [55, 56] . We go beyond the present possibilities of the QAM and the string-charge duality by deriving fully analytical results for the postquench dynamics of an infinite class of integrable initial states. The latter include a sub-class of two-site initial states, but also matrix product states with arbitrary bond dimensions; these states can all be related to integrable "soliton non-preserving" boundary conditions in an appropriate rotated channel.
This work is the first of two papers where our results are presented and derived. In particular, in this manuscript we report our findings, consigning most of the technical material to the second paper [67] . The organization of this work is as follows. In Sec. II we introduce the SU (3)-invariant spin chain, and briefly review its Bethe ansatz solution. In Sec. III we present our construction for the integrable initial states related to soliton-non-preserving boundary conditions in the transverse direction. Next, the main results of our work are consigned to Sec. IV, where the analytic results for the post-quench rapidity distribution functions are written down explicitly, and analytical checks are provided. In Sec. V we use these rapidity distribution functions to provide exact results for the time evolution of the entanglement entropy -a prediction which can be directly tested numerically. We conclude the paper in Sec. VI and relegate some technical details to the appendices.
II. THE MODEL A. The Hamiltonian and the nested Bethe ansatz
We consider the spin-1 Lai-Sutherland model [55, 56] , described by the Hamiltonian
which acts on the Hilbert space H L = h 1 ⊗ . . . ⊗ h L . Here h j C 3 is the local (physical) Hilbert space associated with site j. The spin-1 operators s 
In the following, we also define 
and
The Hamiltonian (1) is invariant under global action of SU (3), as it is manifest from the equivalent expression
where P j,j+1 are permutation operators P j,j+1 |a j ⊗ |b j+1 = |b j ⊗ |a j+1 .
The Hamiltonian (1) is particularly interesting, as its quasiparticle content consists of different species, providing a prototypical example of a model solvable by nested Bethe ansatz [51, [68] [69] [70] .
To each eigenstate of the Hamiltonian we can associate two sets of complex parameters called rapidities,
. They generalize the concept of quasimomenta for free particles, parametrizing the exact eigen-functions as
where we introduced the reference state
and the operators
together with the functions
The wave function (7) is interpreted as made of N quasiparticles of rapidities k j and M quasiparticles of rapidities λ j . Note that the numbers of the two kinds of rapidities must satisfy
where L is the length of the chain.
In analogy with the well-known Bethe ansatz solution of the spin-1/2 Heisenberg chain [71] , the wave-function (7) corresponds to an eigenstate of the Hamiltonian if the rapidities satisfy the following (nested) Bethe equations
Finally, all the physically relevant observables can be expressed in terms of the rapidities. For example, the energy and momentum eigenvalues read
B. The thermodynamic description
In the thermodynamic limit, defined by L, N, M → ∞ keeping the ratios D 1 = N/L and D 2 = M/L constant, the number of rapidities associated to a given eigenstate grows to infinity, arranging themselves in the complex plane according to particular rapidity distribution functions. The mathematical framework is provided by the thermodynamic Bethe ansatz formalism [17] , which we briefly review in the specific case of the SU (3)-invariant model, referring the reader to Refs. [69, 70, [72] [73] [74] [75] for more detail.
First, we recall that for large L, both sets of rapidities form patterns called strings, corresponding to bound states of quasiparticles. Each eigenstate will be in general formed by M (1) n bound-states of quasiparticles (strings) of the first species and M (2) n strings of the second one. In turn, each string will contain a number n of rapidities, parametrized as
n ,
n .
Here the real numbers k n α , λ n α are the string centers, which can be interpreted as the quasimomentum of the boundstates. Within the string hypothesis, for a given eigenstate all the rapidities arrange themselves according to (18) , (19) , so that one can switch to a description based uniquely on the string centers.
In the thermodynamic limit the string centers become continuous variables on the real line, distributed according to rapidity distribution functions ρ (1) n (k) and ρ (2) n (k). Analogously to the case of free systems, we also introduce the hole distribution functions ρ (1) h,n (k) and ρ (2) h,n (k), which correspond to the distributions of holes, namely values of the rapidity for which there is no particle. In the thermodynamic limit, the Bethe equations (14) , (15) are cast into the following non-linear integral equations for the distributions ρ n (k) and ρ (2) n (k) [74] 
Here we employed the standard definitions
together with
where a n (λ) = 1 2π
In the following, it will also be useful to work with the functions
, r = 1, 2 , n = 1, 2, . . . , +∞ .
As in the well-known case of the spin-1/2 Heisenberg chain, the Bethe equations (20), (21) can be cast in partially decoupled form which is more convenient for numerical analysis. The derivation of the partially decoupled equations is standard (see for example [25] ); they read
where
and where the following convention is understood
Finally, note that the rapidity distribution functions completely characterize the properties of a given macrostate in the thermodynamic limit, and all local observables can be in principle computed once they are known. For example, the densities of quasiparticles of the two-species, D 1 and D 2 , and the energy density e can be computed as
III. THE INTEGRABLE INITIAL STATES
One of the main goals of this work is to identify families of initial states for which the quench dynamics can be tackled analytically. In the recent Refs. [37, 41] exact overlap formulas have been derived for the following family of matrix product states
Here S 1,2,3 are the generators of SU (2) in the irreducible spin-k representations (satisfying [S a , S b ] = iε abc S c , a, b, c = 1 . . . 3). For k = 1/2 they are proportional to the Pauli matrices as S a = σ a /2, where
The trace in (36) is over the auxiliary space h 0 C 2k+1 , and the k-and L-dependent normalization constant N ensures Ψ 0 |Ψ 0 = 1. So far the quench dynamics from the initial state (36) has been studied only for the simplest case of k = 1/2 [25] , because at that time the overlaps were only known for this specific state [37] : exact results for the post-quench steady state were provided and the entanglement dynamics was obtained in the space-time scaling regime.
As an important subsequent development, which is the starting point of our investigation, a definition of integrable initial states has been introduced in [62] : they are identified as those annihilated by all the local charges of the model which are odd under space reflection. This integrability condition was proven in [41] for the states (36) for arbitrary k. It is therefore a pressing issue to understand how these states can be embedded into the integrability framework.
In the following, we initiate the program of identifying and analyzing all integrable initial states of the SU (3)-invariant Hamiltonian (1) . As a starting point, we investigate those initial states which are obtained as products of a real space two-site block. These states are simpler than the MPSs above; nevertheless they are experimentally relevant and their study has not been performed yet. A systematic study of the MPSs (36) will be presented in upcoming works [76] . In [62] it has been shown how to obtain integrable two-site states for those systems whose R-matrix satisfies a crossing relation of the form
where W is some invertible matrix and η some complex parameter. Unfortunately, in the case of SU (3)-invariant spin chains, the relation (38) is not satisfied. Our first goal is to generalize the construction of [62] without using the condition (38) . As a result, we will find a new infinite family of two-site product states for which the quench dynamics can be investigated analytically.
The main idea of [62] is that integrable states can be constructed by starting from integrable boundary conditions in an appropriate transverse direction. The same idea is pursued in the following for the SU (3)-invariant spin chain, for which the study of the relevant integrable boundary conditions was performed in [77] [78] [79] .
A. The quantum transfer matrix construction
In this section we carry out the construction to relate initial states after a quantum quench to boundary conditions in an appropriate crossed direction, by generalizing to the case of the SU (3)-Hamiltonian (1) the analysis of [58] , [62] . This identification relies on the path integral evaluation of the partition function
Following [60, 80] , we use the Suzuki-Trotter decomposition
Here the following definitions are understood
where the R-matrix for the SU (3)-invariant model reads
while P 12 is the permutation matrix defined in (6) . The R-matrices act on the product of two fundamental representations ("solitons"). There exists also an R-matrix which intertwines the product of a fundamental representation and its conjugate ("anti-soliton") [81] [82] [83] ,R
Here we introduced the transposition
where A T is the usual transposed of the matrix A, while
It will be convenient for the following to introduce a pictorial representation, giving lines an orientation specifying whether they carry a fundamental or conjugate representation :
The direction in which the R-matrix acts is not specified by the directions of the arrows, but by the small arc at the intersection of the two segments. The crossing operation (47), which is not a symmetry, can be graphically realized as follows:
where we introducedλ = −λ − 3i/2. Now we can use crossing to transform the expression (41) above. One gets
which graphically is represented as
can be generated in the transverse channel by a quantum transfer matrix acting on N sites with alternating fundamental and conjugate representations.
We restrict now to quenches from two-site product states
Following [62] , it is straightforward to obtain
As explained in detail in [62] , integrable boundary states are those for which (56) is equal to an integrable boundary transfer matrix. It turns out that T can be seen to be equivalent to a particular kind of boundary transfer matrix, called soliton non-preserving [77, 78] . This will be introduced in the next section.
B. Boundary algebraic Bethe ansatz
It is now necessary to introduce some aspects of the boundary Bethe ansatz [77] [78] [79] . We consider a chain of length M , which we assume to be even, with inhomogeneities ξ j , left arbitrary for the moment. In the case of higher rank algebras SU (N ) with N ≥ 3, there exist two inequivalent boundary transfer matrices, which correspond to the soliton-preserving and soliton-non-preserving boundary conditions [78] . For completeness, both of them are briefly reviewed in the following.
a. Soliton-preserving boundary conditions. The case of soliton-preserving boundary conditions [84] corresponds to the traditional one, already encountered in the spin-1/2 chain. For this type of boundary conditions, two transfer matrices can be defined, namely
In order for the transfer matrices τ (λ), andτ (µ) to commute with one another, the K-matrices K ± must be related to a solution to the reflection equations
A complete classification of the solutions to these equations can be found in [78] . In this work, we will not be interested in this type of integrable boundary conditions, so that they will not be discussed further here; the interested reader is referred to [78] for more details. b. Soliton non-preserving boundary conditions. In the framework of quantum spin chains, soliton-non-preserving boundary conditions were first studied in [77] for the SU (3)-invariant model. A systematic analysis was then performed in [78] , where a classification of boundary matrices was carried out. The soliton-non-preserving boundary transfer matrices are defined as
As in the soliton-preserving case, the K-matrices K ± must be related to a solution to the reflection equations
In particular, K − a (λ) and K − a (λ), are solutions to (72) , (73), while K
, where K a (λ), Kā(λ) are solutions to (72), (73) . A classification of all invertible K-matrices satisfying the reflection equations was performed in [78] , and will be reviewed in the following.
C. Identification between initial state and boundary parameters
Looking at (53) , it is clear that the quantum transfer matrix (56) can be proportional to a soliton-non-preserving boundary transfer matrix, provided that the initial state is chosen to match some integrable boundary conditions. Indeed, the identification can be represented pictorially as
In order to match with integrable open transfer matrices, we rewrite the transfer matrix of the previous section in a fashion which is closer to the conventions used in [58] . Namely, after a redefinition
and a corresponding shift in the arguments of the K ± matrices, we have
We then have the identification
provided the inhomogeneities are chosen as
and the initial states as
Note that consistency now requires also
D. The final result
In Ref. [78] , it was shown that, in the SU (3) case, the only invertible solutions of the reflection equations are matrices
The most general matrix of this form is written as
with K s a symmetric numerical matrix
with detK s = 0. The resulting states are of the form (54), with
This is our final result for the boundary states of the model, which are those for which the quench dynamics will be analyzed in this paper. There is a distinguished state in this class, where the diagonal components in the standard basis are equal; this will be called the "delta-state":
This state is invariant with respect to SO(3) rotations, and this symmetry will manifest itself in the exact solution of the quench. Crucially, we prove in Appendix A that boundary states |Ψ 0 (54) with (86) satisfy
where t(λ) is the periodic transfer matrix (42) . The proof generalizes the one outlined in [62] , but does not make use of the crossing relation of the R-matrix, which is not present in the SU (3)-invariant spin chain. As a consequence of (88), one immediately gets that boundary states |Ψ 0 are annihilated by all odd charges of the model, and hence are integrable according to the definition of [62] . Incidentally, one could also find states which satisfy (88) but do not correspond to invertible K-matrices, see B. Finally, following [62] , we note that an infinite number of integrable matrix product states can be straightforwardly built, by subsequent application of (fused) transfer matrices to |Ψ 0 . Even though these states might display interesting features, they will not be considered in this work.
E. Restriction to diagonal reflection matrices
In Appendix C it is shown that all the integrable states presented in the previous section can be related to the case of diagonal K-matrices via a global rotation W ∈ SU (3); this is achieved by a Schmidt decomposition. Hence, if one is interested only in the dynamics of SU (3)-invariant operators, one can always restrict themselves to product states (54) with Furthermore, it is immediate that, up to another global SU (3)-rotation, we can always choose
In fact, there is another reason to restrict ourselves to (89) , which can be better understood thinking about the case of quantum quenches in the SU (2)-invariant Heisenberg spin chain. Indeed, it is by now well established that in this model the quasilocal charges fully determine the rapidity distribution functions of the post-quench steady states [14] . However, the latter are invariant under the global action of SU (2), so that states that are related via a SU (2)-rotation correspond to the same rapidity distribution functions. In this case, the thermodynamic description only differs by a different density of rapidities at infinity [19] . It is natural to conjecture that a similar scenario takes place also for quenches in the SU (3)-invariant spin chain, and that states that are related via a global SU (3) rotation correspond to the same rapidity distribution functions. Under this hypothesis, those corresponding to the state (86) can always be obtained by studying the quench arising from an initial state of the form (89) . Finally, the condition (90) amounts to choosing the minimum density of magnons between the class of diagonal states. In fact, we will see that the post-quench steady state corresponding to these initial states displays vanishing densities of rapidities at infinity.
From the analytical point of view, the states (89) are easier to deal with, if compared to the general integrable states (86) . Note, however, that analytic expressions could be found also in the latter case, by expressing the diagonal components κ ii found after the Schmidt decomposition using the original components given by (86) .
IV. THE POST-QUENCH STEADY STATE

A. Sketch of the derivation
In this section we present our main results: the analytic expressions for the post-quench rapidity distribution functions corresponding to the initial states (54) , where the two-site building block |ψ 0 is given in (89) . The derivation of our formulas follows the approach outlined in [58] , although the treatment in the nested case is significantly more challenging from the technical point of view. Here, we only sketch the main ideas, whereas all the necessary calculations and details are consigned to [67] .
As in the Heisenberg chain studied in [58] , one can see [67] that the boundary transfer matrix (66) belongs to an infinite family of commuting fused operators {τ 
The eigenvalues of these transfer matrices are related by the functional relations [67] 
where Φ (r) m (u) are scalar functions which depend both on the parameters of the boundary reflection matrices and the inhomogeneities (80), (81) [hence, they also depend on the parameter β entering the partition function (39) ]. This set of functional relations constitutes the T -system, which was already encountered, albeit in a different form, in [58] . In turn, from the T -system it is possible to derive the famous Y -system relations
where we introduced the Y -functions
with the convention y (a) 0 (u) ≡ 0. The Y -system is a fundamental relation of integrable models [85] , appearing repeatedly, for instance, in the context of thermal physics [86] [87] [88] and, more recently, in quench problems [19, 20, 23] .
The relevance of the Y -system for the XXZ Heisenberg chain for quenches from integrable states was clarified in [58, 62] . By a comparison with the formal quench-action evaluation of the partition function (39) , it was shown that, in the limit β → 0, one can identify the solutions y j (λ) to the Y -system with the ratios ρ h,n (λ)/ρ n (λ) of the rapidity distribution functions of the post-quench stationary states [58] .
While generalization of the above arguments to the nested case requires some care, the basic ideas are the same, so that one can follow the exact same logic to extract the rapidity distribution functions of the post-quench steady states. More precisely, in order to obtain the latter, one should perform the following steps:
• write down explicitly the function Φ (r) m (u) entering in the T -system equations (94) and (95), in terms of the parameters of the boundary transfer matrix and the parameter β entering in the definition of the partition function (39);
• solve the Y -system equations (96) and (97) in the limit β → 0 and obtain the functions y Once the above programme is completed, one can identify [67] 
In turn, the above procedure also allows us to determine the rapidity distribution functions ρ (r) j (λ), which, at worst, can always be computed numerically. Indeed, once η . Remarkably, we find that it is actually possible to obtain an analytical solution to the Bethe equations (20) and (21), resulting in an explicit expression for ρ (r) j (λ). This is performed exploiting a trick which relates once again the latter function to the solution of a Y -system. Since the derivation is rather technical, we do not report it here, referring to [67] for all the details. In the following we provide the final result of this analysis. 
B. The analytic results
Let |Ψ 0 be an integrable initial state of the form (54) , where the two-site building block is given in (89) . Then, the functions η 
while higher functions are obtained recursively from the formula
with the convention η
0 (λ) = 0. Note that these functions only depend on the absolute values of the entries κ jj . Furthermore, they are expressed as simple rational functions of the rapidities λ, in analogy to the case of integrable states in the Heisenberg chain [19, 42] .
In the special case of the delta-state (87) we find that
and it follows that a permutation symmetry η
(1)
j (λ) will hold for all higher functions η j . Next, we find the following analytic expression for the rapidity distributions
Here we introduced the functions σ 
1 (λ) = |κ 
where 
Higher functions are obtained recursively from the formula
with the convention σ
0 (λ) = 0. Finally, one can easily work out explicitly the derivative in (106); an example is reported in Appendix D.
As we already anticipated, given the functions η (r) j (λ), the rapidity distributions ρ (r) j (λ) can be straightforwardly obtained numerically from the solution to (20) and (21) . As a consistency check, we explicitly verified that the numerical solution coincides with the analytic result found above.
We plot our results for the analytic distribution functions for a given initial state in Figs. 1 and 2 . We see that they display qualitatively different properties with respect to those of the initial state studied in [25] : indeed, for n odd they are vanishing in zero, and exhibit a non-monotonic behavior in λ for λ > 0. Furthermore, we see that the rapidity distribution function associated with 2-particle bound states is dominant with respect to the unbound particles, and this is true for both species. This is once again in contrast to the case studied in [25] , and also from the thermal case. Physically, this can be understood looking at the initial state, which is made of two-site blocks where the magnonic excitations always come in pairs, and can be heuristically thought of as bound states of two quasiparticles.
In order to analyze this point further, it is useful to look at the composition of the post-quench steady state in terms of bound states of quasiparticles. In particular, we define the density of bound states for both species as
Their distribution is shown in Fig. 3 for different initial states; from the plots, it is apparent that bound states of an even number of quasiparticles are dominant with respect to those with an odd one.
C. Analytical checks
In order to provide a non-trivial check on the validity of our results, we compute the local conservation laws using the post-quench rapidity distribution functions and verify that this gives us the same result as when they are computed on the initial state.
First, we define the generating function Ω Ψ0 (λ) such that It was shown in [89, 90] that the latter can be computed as
where t(λ) is the periodic transfer matrix (42) (see also [25] for the case of the SU (3)-spin chain). The computation of (117) can be easily performed for the product states (54), see Appendix E. In fact, it is possible to write down an analytic expression for Ω Ψ0 (λ) for arbitrary choices of κ jj , albeit the latter is in fact extremely unwieldy. We do not report it here, even though it can be obtain straightforwardly following the calculations of Appendix E. As a simple exception, in the case κ 11 = κ 22 = κ 33 = 1/ √ 3, the generating function is extremely simple, and reads
We have checked that the expectation values of the charges Q n obtained from the generating function coincide with the ones computed using the post-quench rapidity distributions up to n = 6 and many values of the initial-state parameters κ jj . This provides a non-trivial test of our results.
It is also interesting to compute the densities of the two quasiparticle species on the initial state:
and E j i was defined in (9) . We find that for the integrable initial states (54) with diagonal building block (89) (and under the restriction (90)) the above densities coincide with those computed using the post-quench rapidity distribution functions, cf. Eqs. 32 and (33). As already anticipated, we conclude that for these quenches the density of rapidities at infinity for the post-quench steady state is vanishing. (c) κ jj = 0.577 As an important physical application of our results, we now provide an exact prediction for the time evolution of the entanglement entropy after the quench from an integrable initial state. We focus on the time-dependent entanglement entropy between an interval A and the rest of the system, defined as
where ρ A (t) is the reduced density matrix corresponding to the subsystem A, namely
The ab-initio computation of (123) in the presence of interaction is a highly non-trivial task, especially for large subsystem sizes , when all the correlators within the subsystem need to be computed. However, recently these difficulties have been bypassed: in Ref. [91] it has been argued that a quasiparticle argument provides a prediction for the entire time-evolution of the entanglement entropy which becomes exact in the limit of large times t and subsystem sizes , but with their ratio arbitrary. The approach of [91] can be applied only when uncorrelated pairs of quasiparticles are produced after the quench, which is precisely the case for integrable initial states [62] (see Ref.
[26] for a generalization of this result to the case of quenches which produce n-tuplets of quasiparticles and Ref. [92] for the case of correlated pairs, both valid only for free systems). We mention that these arguments may be adapted to inhomogeneous situations as well [93, 94] by exploiting the recently developed generalized hydrodynamics [95] . The results of [91] were initially applied to quenches in the XXZ Heisenberg chain, and have been extensively tested against numerical simulations based on time-dependent density matrix renormalization group [96] [97] [98] and infinte time evolved block decimation [99] algorithms. The argument underlying their derivation are very general and can be straightforwardly followed also in the case of nested integrable models. In fact, a generalization of the formulas of [91] was already presented in [25] , where predictions for the entanglement dynamics were provided for the initial state (36) . In particular, in the limit of large and t, one has the following expression for the entanglement dynamics
where θ H (x) is the Heaviside step function, the Yang-Yang entropy density s
while the velocities v
n (λ) and v (2) n (λ) fulfill the integral equations
Note that a fundamental input of these formulas is the knowledge of the quasiparticle rapidity distribution functions ρ (r) n (λ) of the post-quench steady state. We refer the reader to [25, 91] for a thorough discussion of these formulas, while here we simply sketch the main ideas underlying their heuristic derivation. A mathematical proof of Eq. (125) is so far available only for free fermionic theories [100] .
The standard quasiparticle picture, introduced in [101] , works as follows. The quench is interpreted as a process generating everywhere and homogeneously uncorrelated pairs of entangled quasiparticles of opposite momenta, hence moving ballistically in opposite directions. This assumption is very reasonable for integrable initial states. Since the quasiparticles emitted from different points are unentangled, two regions may be entangled only if there is at least a pair of quasiparticles shared between them, emitted from an arbitrary common point. Hence the total entanglement entropy between a region A and the rest of the system is related to number of pairs with one quasiparticle in A and the other in its complementĀ. Two additional ingredients are needed in order to derive (125). First, one needs to determine the velocities v (r) n (λ) of the quasiparticles: these are obtained as the group velocities of the elementary excitations over the stationary state corresponding to ρ (r) n (λ), which can be shown to fulfill the set of integral equations (127) and (128), as shown in [102] . Second, one needs to work out the contribution to the entanglement carried by each quasiparticle pair. Given that the stationary value of the entanglement entropy of a large subsystem has the same density as the thermodynamic entropy of the stationary state [91] , one naturally identifies such a contribution with the Yang-Yang entropy density (126). With these ingredients, and following a simple heuristic derivation, Eq. 125 is easily derived [25, 91] .
In Fig. 4 , we report the time evolution of the entanglement entropy after a quench from integrable initial states (54) , with different choices of the diagonal block (89) . The qualitative behavior of the plots is the one expected from the quasiparticle picture of [101] , and already observed in [25] for the initial state (36). For t < /2v max the growth of entanglement is linear and governed by the fastest quasiparticles; after this time, the entanglement displays a saturation, where all the slower quasiparticles start to contribute. Differently to [25] , we have the freedom to tune the parameters κ jj of the initial-state building block (89) . We see from subfigure (a) of Fig. 4 a strong quantitative dependence on the initial parameters.
In subfigures (b) and (c) we plot the contribution to the entanglement coming from different species
as well as the contribution of the different bound-states of quasiparticles
for the delta-state (namely choosing the initial building block (87)). We see that the first species has a larger contribution; furthermore, while it is true that unbound particles carry the largest amount of entanglement, the one of the two-quasiparticle bound states is comparable. Note that this is expected, since their density is dominant, cf. Fig. 3 ; furthermore, this is in contrast to what was found in [25] for the state (36) . Following [25] it is interesting to also compute the evolution of the mutual information between two disjoint spin blocks A and B of length , separated by a distance d
Indeed, this quantity is better suited to resolve the contribution of different species and bound states. Within the quasiparticle picture, the mutual information can be computed by counting all the pairs of quasiparticles with one quasiparticle in A and the other in B, leading to the formula [25] I A: Two other important entanglement quantities can be also computed from the results presented in this paper. These are the Rényi entanglement entropies [tr(ρ n A )]/(1 − n) and the entanglement negativity between two blocks of spins. These quantities may be obtained, following the approach of Refs. [103] [104] [105] [106] , only in the stationary state and it is still an open problem to understand their entire time evolution. However, also the calculation of the stationary values is rather cumbersome since it requires the numerical solution of some integral equations having the root densities (or equivalently the overlaps) as entries [105] . Thus we postpone their evaluation to future investigations.
VI. CONCLUSIONS
In this work we have applied the recently introduced QTM approach to quantum quenches in the prototypical SU (3)-invariant spin chain (1) . Two main results have been obtained: the first one has been the identification of an infinite family of two-site product integrable initial states. These are related to soliton-non-preserving boundary conditions in an appropriate transverse directions. The second one has been the analytic computation of the corresponding post-quench rapidity distribution functions.
In this article we have focused on presenting our findings and discussing the physical implications, only sketching the derivation of our results which will be detailed in [67] . We stress that the QTM approach outlined in this work is independent of the knowledge of the quasilocal conservation laws of the model or of the overlaps between the initial state and the eigenstates of the Hamiltonian. In fact, for the nested chain considered here, it goes beyond the present possibilities of both the string-charge duality (for the moment a complete set of quasilocal conservation laws for nested chains is not known) and the Quench Action method, by providing directly analytic formulas for the rapidity distribution functions.
The QTM approach applied here opens several interesting directions to be explored, as it could be straightforwardly generalized to different nested models. An intriguing question pertains the application of these ideas to models defined on the continuum, including multi-component Fermi and Bose gases. These important aspects are currently under investigation.
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Appendix A: Proof of integrability
In this appendix we prove that boundary states satisfy the relation (88) , and hence are annihilated by all odd charges of the model.
We start with the reflection equations for soliton-non-preserving reflection matrices, which can be graphically represented as
Setting u = −3i/4, v = −λ − 3i/4 and using crossing, this can be rewritten as
We can thus apply this relation repeatedly to obtaiñ
For K invertibleK is also invertible. From here, we can then repeat step by step the derivation outlined in [62] , and conclude
Appendix B: Integrable states corresponding to non-invertible K-matrices
In this appendix, we show that it is possible to construct integrable states corresponding to non-invertible Kmatrices. For example, one possibility is to project onto one SU (2) sector, for instance by taking
is a solution of the SU (2) reflection equations. The matrices (B1) can be used to build states which satisfy (88) . Indeed, the action of t(λ) on a product state |Ψ 0 = |ψ 0 ⊗L/2 , where |ψ 0 = α|1, 1 + β|1, 2 + δ|2, 1 + γ|2, 2 decomposes as
where t 1,2 (λ) and t 3 (λ) are the transfer matrices obtained by tracing over the subspaces of the auxilliary space spanned by |1 , |2 , or by |3 respectively. Now, t 3 (λ)|Ψ 0 is proportional to |Ψ 0 so the relation (88) is granted for this part, while for t 1,2 (λ)|Ψ 0 it results from the SU (2)−integrability of the state.
Appendix C: Proof of the restriction to diagonal K-matrices
In this section we show that any state (86) can be related to (89) through a global SU (3) rotation. First, we can always perform a Schmidt decomposition to (86) 
are two orthonormal bases for C 3 , while α j ∈ R, α j > 0. From (86) it follows
Consider first the case
Then, it must be |a j ∝ |b j . Indeed, suppose this is not the case and that, for instance, |a 1 is not proportional to |b 1 . Then, it must be either a 1 |b 2 = 0 or a 1 |b 3 = 0. Let us assume without loss of generality that the former is true. Multiplying then (C1) and (C2) by |b 1 ⊗ |b 2 we get
We conclude that also b 1 |a 2 = 0, so that
Analogously, multiplying then (C1) and (C2) by |a 1 ⊗ |a 2 we get
so that
Using (C5) and (C7) we finally obtain
namely α 1 = α 2 . This contradicts the hypothesis (C3). Then, by reductio ad absurdum we showed that in the case (C3) one has
It is evident that this state can always be rotated to (89) . Let us now consider the more complicated case where, for instance, α 1 = α 2 |ψ = α(|a 1 ⊗ |b 1 + |a 2 ⊗ |b 2 ) + β|a 3 ⊗ |b 3 .
The case β = α is trivial, so we can assume β = α. With a reasoning similar to the one outlined above, one can prove that the Hilbert space generated by |a 1 and |a 2 coincides with the one generated by |b 1 ⊗ |b 2 , and that |a 3 =β|b 3 , withβ = 0. Then, we can parametrize 
It is now easy to show that one can always perform an change of (orthonormal) basis |c 1 = x 11 |a 1 + x 12 |a 2 , (C14) |c 2 = x 21 |a 1 + x 22 |a 2 ,
in the space generated by |a 1 , |a 2 so that (C13) is cast into the diagonal form (89) . In this appendix we provide the explicit expression for the post-quench rapidity distribution function ρ (r) j (λ) for the case j = 1. For simplicity, we choose κ j j real, so that we can omit the absolute values. The explicit derivative in (106) 
Of course, higher rapidity distribution functions ρ (r) j (λ) can also be computed explicitly from (106) , but their expressions become more lengthy as j increases.
In the special case of the delta-state (87) we obtain the formulas (8u 2 + 3) .
(D12)
Appendix E: Computation of the generating function
In this appendix we sketch for completeness the computation of the generating function (116), following the prescription of [89, 90] . First, we rewrite the transfer matrix (43) as
where M a,b (λ) and E a,b are 3 matrices defined by
Using (E1) it is straightforward to compute
Finally, defining
where |ψ is given in (89), we simply have
where U (λ, µ) = d1,d2,b1,b2
One can now verify that the leading eigenvalue of U (λ, λ) is Λ 0 (λ, λ) = 1. Accordingly, using (117), one has
where Λ 0 (λ, µ) is the eigenvalue which is leading in a neighborhood of µ = λ. Making finally use of Jacobi's formula, we obtain the final result 
where adj[M ] denotes the adjugate, namely the transpose of the matrix of cofactors of the matrix M . Formula (E10) can be easily evaluated for any choice of κ jj . The ensuing analytic expression is however rather lengthy and will not be reported here.
